It is shown that static longitudinal and transverse electric fields can significantly alter electron acceleration by a long laser beam in a sub-critical plasma, enabling generation of super-ponderomotive electrons. The role of the plasma fields in this regime is not to directly transfer substantial energy to the electron, but rather to reduce the axial dephasing rate between the electron and the laser beam. The reduced dephasing in both cases leads to a subsequent enhancement of the axial momentum and total electron energy. These mechanisms can be relevant to experiments with solid-density targets where a sub-critical plasma layer occurs as a result of a considerable prepulse.
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I. INTRODUCTION
Electron heating in laser-irradiated targets is crucial for production of energetic ions [1, 2] and for other applications, including x-ray generation [3, 4] , positron production [5] , and fast ignition [6] . The number of hot electrons and their maximum energy depend on the pulse duration and on the target density. We focus on electron acceleration in a sub-critical plasma irradiated by a laser pulse that is significantly longer than the period of plasma oscillations. Subcritical plasmas can naturally occur in experiments with solid-density targets as a result of a prepulse and, therefore, the regime under consideration is not just limited to experiments with rarefied targets like gas jets. We show that quasi-static transverse and longitudinal electric fields that naturally arise in the plasma can lead to a significant electron energy gain, with the maximum electron energy exceeding the ponderomotive energy.
II. PLASMA CHANNELING
The key feature of the considered regime is formation of a plasma channel that slowly evolves on an ion time scale [9, 10] . The laser beam expels electrons radially, creating a plasma configuration where the radial component of the ponderomotive force acting on plasma electrons is balanced by the static electric field generated by the ions in the channel. The channel is overall neutral and it consists of a positively charged cylinder and a negatively charged shell formed by the expelled electrons. The coaxial structure of the channel generates not only a transverse electric field, but also an axial electric field pointing out of the channel opening.
Attached animations illustrate the channel formation observed in a 2D PIC simulation using PSC [15] . In this simulation, a laser pulse was normally incident an underdense hydrogenic plasma with density n 0 = 8×10 25 m −3 . The length and width of the slab were 200µm and 160µm, and the simulation domain with open boundaries was 300µm by 200µm (12000 by 2000 cells). The laser pulse had a 0 = 10, λ = 1µm, a FWHM width of 8µm, and a duration of 500 fs. All plotted quantities are time-averaged over 7 wave periods. The fields are normalized to E 0 ≡ 2πa 0 m e c 2 /|e|λ ≈ 3.2 × 10 13 V/m, where c is the speed of light and m e and e are the electron mass and charge. Denoting the two axes of the simulation domain as z (laser direction) and y, the electric field of the laser was polarized in the x direction. A quasi-steady-state pattern is established at each axial location after several plasma periods have passed since the beginning of the interaction with the laser. Similarly to the results reported in Ref. [14] , we observe that copious energetic electrons are generated inside the channel following its formation. The energies of the energetic electrons considerably exceed the ponderomotive energy, which is the upper limit on electron energy for a single electron accelerated in a vacuum by a plane wave. For a 0 = 10, the ponderomotive energy is ε * ≈ a 2 0 m e c 2 /2 ≈ 25 MeV. The fact that there are electrons with energies exceeding ε * points to the fact that the fields generated by the plasma have a profound effect on electron acceleration despite that the plasma is significantly underdense. In sections IV and V, we explain how the transverse and axial steady-state fields affect the electron acceleration.
III. DEPHASING AND LONGITUDINAL ACCELERATION
At relativistic laser amplitudes, a 0 1, most of the energy of an electron accelerated by a plane wave in a vacuum is associated with its longitudinal motion. This is also the case for the underdense channel under consideration. In order to understand the underlying cause for the enhancement of the axial acceleration, let us consider a twodimensional setup similar to that used in the simulation, such that the laser electric field is perpendicular to the static fields produced by the channel. The longitudinal momentum balance equation for a single electron in an ion channel according to Refs. [14] and [13] then has the form
where p z is the longitudinal momentum and E z is the longitudinal electric field in the channel. The normalized wave amplitude a depends only on the phase variable ξ ≡ ω(t − z/c), where t is the time in the ion frame of reference, z is the distance along the channel, and ω is the wave frequency. We consider a wave with a slowly varying envelope a * (ξ) ≤ a 0 , so that a = a * (ξ) sin(ξ). In Eq. (1), τ is a dimensionless proper time defined by the relation dτ /dt = ω/γ, where γ is the relativistic factor γ = 1 + p 2 /m e c 2 determined by the total electron momentum p. Equation (1) shows that the longitudinal acceleration of electrons is caused by a gradient of the wave amplitude and by the axial electric field. We consider the case where E z is relatively weak, so that the momentum gain directly from acceleration by this field is relatively small compared to m e ca 2 0 , which is the maximum axial momentum of a free electron accelerated in a vacuum. The main contribution in this case comes from the axial acceleration by the
with τ . The phase ξ increases continuously because the electron is moving slower than the wave in the axial direction. The corresponding dephasing rate is dξ/dτ = γ − p z /m e c and it can be show that it changes with time at the rate
where E y is the transverse electric field of the channel. This expression suggests that there exist two ways to reduce the dephasing rate and thus enhance the longitudinal acceleration. The first term on the right-hand indicates that amplification of transverse oscillations can be beneficial, whereas the second term indicates that even a relatively weak axial field can cause the desired reduction as well.
IV. ROLE OF THE TRANSVERSE STATIC FIELD
Here we only give a qualitative explanation of the effect that has been overlooked until recently. It is discussed in detail in Refs. [11] , [12] , and [14] . Let us consider an electron in a straight channel similar to that shown in Sec. II. For simplicity, the laser electric field (directed along the x-axis) is perpendicular to the field generated by the channel (directed along the y-axis), so that the laser is unable to directly drive betatron oscillations (oscillations across the channel). Betatron oscillations are then described by an equation, d
2 y/dτ 2 + γω 2 p /ω 2 y = 0, similar to that of an oscillator with a modulated natural frequency, where ω p is the plasma frequency. A significant modulation of the γ-factor is induced by the axial motion of the electron in the plane wave. The electron is pushed primarily forward experiencing alternating acceleration and deceleration caused by axial gradients of the wave amplitude.
The electron axial motion is similar to that in a vacuum when the betatron oscillations remain small, with the dephasing rate γ − p z /m e c = 1 and, as a result, τ = ξ. We can therefore estimate the natural frequency as
0 /2 for a wave of ultra-relativistic amplitude (a 0 1). The γ-factor changes in time as sin 2 (ξ) for a wave with a = a 0 sin(ξ), which means that the frequency of the modulations is 2. Natural oscillations in this system are stable if their frequency is considerably less than the frequency of the modulations. There is a frequency threshold that is roughly comparable to the frequency of the modulations, a 0 ω p / √ 2ω ≈ 2, above which the oscillations become parametrically unstable and their amplitude grows exponentially. The resulting amplification of the betatron oscillations reduces the dephasing rate, as predicted in the previous section. The reduced dephasing leads to enhancement of the axial momentum and thus total electron energy (see Ref. [11] and [12] ). It is important to point out that the amplification condition can be satisfied in a significantly sub-critical plasma for a 0 1.
V. ROLE OF THE AXIAL STATIC FIELD
The role of the axial static field has been considered in Ref. [13] . Here we wish to draw particular attention to the importance of the timing of the longitudinal boost in this mechanism. The effect can be illustrated by considering what happens after a free electron that is being accelerated by a plane wave crosses a region with a weak axial electric field. The equations that have to be solved in this case are essentially the axial momentum balance equation and the equation for the dephasing rate [13] . We have solved them numerically for a laser pulse with λ =1 µm and
, where a 0 = 10, , z 0 = 6ct L , and t L =40 fs. The electron is initially at rest at z = 0 µm. We apply a constant longitudinal electric field E z = −0.1E L over 5 µm. We consider two cases with the region located at 142µm≥ z ≥ 147µm and at 144µm≥ z ≥ 149µm. The results are shown in Fig. 1 , where the red segments mark electron dynamics during the interaction with the field.
In the first case, the interaction with the axial field reduces the dephasing rate, γ − p z /m e c, from 1 to 0.04. The maximum axial momentum after the interaction increases by a factor of 25. The plot of p z vs. p x confirms that the change of the axial momentum during the interaction is small. The key role of the weak axial field is to launch the electron onto a super-ponderomotive trajectory represented by the steep upper parabola. The second case illustrates the importance of the wave phase ξ during the interaction. In contrast with the first case, a increases as the electron enters the region with the electric field. Both p z and γ are then higher during the interaction, which shortens the time ∆τ that it takes for the electron to traverse the interaction region. The corresponding ∆ξ is also smaller and, in agreement with Eq. (2), the dephasing rate decreases only to 0.51. This significantly reduces the axial momentum gain following the interaction. FIG. 1 . Electron axial momentum, the field sampled by the electron, and electron momentum-space for two cases with the axial field located at 142µm≥ z ≥ 147µm (left two panels) and at 144µm≥ z ≥ 149µm (right two panels).
VI. SUMMARY
It has been shown that static longitudinal and transverse electric fields can significantly alter electron acceleration by a long laser beam in a sub-critical plasma, enabling generation of super-ponderomotive electrons. The role of the plasma fields in this regime is not to directly transfer substantial energy to the electron, but rather to reduce the axial dephasing rate between the electron and the laser beam. The axial field directly reduces the dephasing, whereas the mechanism is more complex in the case of the transverse field. Axial motion in a plane wave induces a significant modulation in the γ-factor. This modulation makes betatron oscillations across the channel unstable. The modulations of γ effectively modulate the restoring force generated by the ions via the relativistic mass effect. The resulting amplification of the oscillations then reduces the dephasing. The reduced dephasing in both cases leads to a subsequent enhancement of the axial momentum and thus total electron energy. 
